A full set of conservation laws for the two-layer shallow water equations is presented for the one-dimensional case. We prove that all the conservation laws are linear combination of the equations for the conservation of mass and velocity (in each layer), total momentum and total energy. This result generalizes that of Montgomery and Moodie that found the same conserved quantities by restricting their search to the multinomials expressions in the layer variables. Though the question of whether or not there are only a finite number of these quantities is left as an open question by the authors. Our work puts an end to this: in fact, no more conservation laws are admitted for the two-layer shallow water equations. The key mathematical ingredient of the method proposed leading to the result is the Frobenius problem. Moreover, we present a full set of conservation laws for the classical one-dimensional shallow water model with topography, by using the same techniques.
Introduction
Several studies to determine a full set of conservation laws for physical systems were already made. Most of them (see, e.g., Ref. 14) are based on Noether's theorem which relates conservation laws and symmetry in the equations (if such symmetry exists). It turns out that the existence of conservation laws is not determined by the availability of symmetry in the given differential equations system. Therefore, we cannot assure that all the conservation laws can be provided by Noether's theorem. Another method was proposed by Lax, 10 Rozdestvenskii and Yanenko. 17 It consists in a direct analysis for compatibility of an overdetermined system of partial differential equations of the first order for entropy and entropy-flux of an arbitrary conservation law. The method has been recently applied to systems of continuum mechanics by Dimitrova 6 and Vulkov. 19, 20 We give a summary description of this method: it consists of investigating for a given quasilinear system U t + AU x = 0, (1.1)
with U = (u 1 , . . . , u n ) T and a square matrix A of dimension n, where there exists a pair (ϕ(U ), ψ(U )) of smooth scalar functions for which every regular solution U of (1.1) satisfies the conservation law
The functions ϕ and ψ will be called entropy and entropy-flux, respectively (as in Dafermos, 5 LeFloch 11 and Serre 18 ). a In the case when (1.1) can be presented in conservative form, we have a useful criterion for the existence of an entropy: an entropy ϕ exists for the system if and only if D 2 ϕ · A is symmetric (see, e.g., Refs. 5 and 11) . This characterization of the mathematical entropies drives us to a linear system of n(n − 1)/2 second-order partial differential equations. This kind of analysis demands many calculations and the difficulty level increases considerably when high dimension systems are considered. Here, we propose a more algebraic approach that enables us to find a structure of the mathematical entropies for certain systems of continuum mechanics. In the two cases presented in the next two sections, we will show an important relation between the mathematical entropies and the solutions of the equation XA = AX .
A Full Set of Conservation Laws for the One-Dimensional Two-Layer Shallow Water Model
In this section we present a full set of conservation laws for a two-layer shallow water model.
Physical model
The following picture describes a two-layer flow composed by two immiscible fluids with different constant densities γ 1 and γ 2 and two velocities u 1 and u 2 . The gravity interaction is considered and the free-fall acceleration is denoted by g. When introduced the long wave approximation, the following model can be derived: Here, div stands for the divergence operator in space dimension 2 and the constant λ < 1 is defined by λ = γ 2 /γ 1 . The material derivative is denoted by Introducing the two new variables ρ 1 and ρ 2 given by ρ i = h i γ i for i = 1, 2, one may write (2.1) as:
This system of differential equations can also be found in the work of Gavrilyuk et al. 9 The system is presented there as a model for a two-fluid homogeneous mixture and deduced by the use of a variational approach. The first two equations are the continuity equations for each component, and the last two, called momentum equations, are precisely the Euler-Lagrange equations for a given Lagrangian
The function W can be naturally interpreted as the internal energy of the mixture. The system admits the following conserved quantities: density ρ i for each layer, total momentum ρ 1 u 1 + ρ 2 u 2 and total energy
It is not currently known whether or not more conservation laws are admitted. The expectation is that no more conservation laws are admitted for this system. If true, we would have a "genuinely" non-conservative system, since only five conservation laws are available for the six scalar physical variables: ρ 1 , ρ 2 , u 1 and u 2 . Therefore, the impossibility of presenting a complete set of Rankine-Hugoniot conditions, enabling the characterization of weak solutions in the classical way. The variational approach was introduced by Gavrilyuk et al. as an attempt to overcome this problem.
The main aim of this work is to make a first step in this direction, presenting a full set of conservation laws for the two-layer shallow water model in the onedimensional case. It will be shown that the conserved quantities are given by
for some constants α i , i = 1, . . . , 6. In this expression, E stands for the total energy of the system. If we consider the fact that in the one-dimensional case momentum equations in (2.2) reduce to conservation laws for the velocity in each layer, we see that our result gives a strong indication that the only conservation laws admitted by the two-layer shallow water model are given by those we know already.
1-D case
We shall study this particular set of equations in the one-dimensional case. The system becomes
and admits a conservative form. Indeed, (2.3) can be rewritten as
We then have the quasilinear system
where we denote the constants W ρiρj by W ij .
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Hyperbolicity
We will show that in a certain region, the system is strictly hyperbolic. Let us start to calculate the characteristic polynomial of A:
If we introduce the relative velocity parameter w defined by w = u 2 − u 1 , in terms of this parameter, the equation det(λI − A) = 0 can be rewritten as:
In the particular case when w = 0, this equation becomes
We then have the following second degree equation for α:
12 > 0 and
we conclude that (2.5) has four distinct real solutions. It can be proven, applying the implicit function theorem, that for any fixed (ρ 1 , ρ 2 , u 1 , w = 0) there exists an open neighborhood for which the system is strictly hyperbolic. For a more detailed study of the eigenvalues see Ref.
2. In addition, in this work, a condition giving the range of validity of the model is also presented.
Reducing the system to a more convenient form
As was mentioned before, an entropy ϕ for (2.
4) exists if and only if D
We go further on this condition in our particular case. In fact, our matrix A has a special structure that is important to remark. Define
124 R. Barros as the total energy for the system and rewrite (2.4) as
From this, it follows that A = PD 2 E, where P is given by
so that:
If we write X = PD 2 ϕ, we see that the problem of seeking an entropy for (2.4) is reduced to the problem of finding the solutions of the equation
Some remarks on the Frobenius problem
The problem of finding all the matrices X that commute with a given constant matrix is known as the Frobenius problem (see Ref. 8 for more details). We will present a series of results concerning the solution of this classical problem that will be used in the next subsections. 
If we introduce the polynomial q(t) defined by:
we see immediately that q(A) = 0, i.e. q(t) is an annihilating polynomial of A and deg q(t) ≤ n − 1 < n = deg p(t), where p(t) is the characteristic polynomial of A. This is not possible because p(t) is the minimal polynomial by hypothesis.
We introduce now the vectorial space formed by the commutators of A. 
Corollary 2.2. Let A ∈ M n×n (R). If the characteristic polynomial of
Proof. All the distinct roots of the characteristic polynomial of a given matrix are also roots of the minimal polynomial. Therefore, in the particular case when we have n real distinct roots for the characteristic polynomial of A, this must coincide with the minimal polynomial of A. One may apply the corollary above and the result follows.
The equation XA = AX and the entropies for the system
We return now to the problem of finding the solutions of (2.7). For each fixed U we have
As we have seen, there is a region for which the system is strictly hyperbolic. We will denote this region by R. In this region, each matrix A(U ) has all the eigenvalues real and distinct. Applying Corollary 2.2 it follows that dim C A(U) = 4, ∀ U ∈ R and its expression is given by
Therefore, there are scalars α 0 , α 1 , α 2 , α 3 such that
Since this holds for an arbitrary value U ∈ R, we can establish the following proposition:
Proposition 2.1. For each solution X of (2.7), there exist functions α, β, γ and δ depending on U such that
From this proposition, it is now obvious to state: Proposition 2.2. For each mathematical entropy ϕ of (2.6) there exist functions α, β, γ and δ depending on U such that
For functions α, β, γ, δ depending on U consider the matrix B given by
We should be wondering for which functions B becomes an Hessian matrix for a scalar function. Before we give an answer to this, we will concentrate on the next two lemmas.
Lemma 2.2. Let
A be a square matrix given by the product of two symmetric matrices P and S :
Proof. The result will be shown by straightforward calculations:
B is an Hessian matrix for a scalar function if and only if
Proof. If B is an Hessian matrix for a scalar function f , then we have 
The following condition must then be verified:
This is then a necessary condition to verify. In fact, this is also sufficient and can be considered a consequence of the Frobenius theorem (see Ref. 4 for more details).
Remark 2.1. There are (n + 1)n(n − 1)/3 independent relations which form an overdetermined system of first-order partial differential equations.
Since we have A = PD 2 E, we can apply Lemma 2.2, from which follows that B is symmetric. We are now in a position to give an answer to what concerns determining the functions α, β, γ, δ for which B becomes an Hessian matrix for a scalar function. Applying Lemma 2.3 we get, for the matrix B as defined in (2.8), the relations:
where
We present a list of all the elements of B:
The compatibility relations give rise to a homogeneous linear system on the variables γ, δ and all the partial derivatives for α, β, γ and δ (see the Appendix). We can write this system in a condensed form
where M is a rectangular matrix of dimension 20 × 18 depending on U , and Y is the vector of dimension 18 defined by
We used the 5th edition of MATHEMATICA to compute the nullspace of the matrix M and as a result we obtained a base composed of four vectors V 1 , V 2 , V 3 and V 4 with a nice particularity: the 9th and 14th components, that correspond to the variables γ and δ, are both 0 (see the Appendix).
Since the solutions of (2.9) satisfy: 
it follows β u2 = 0. We may conclude that β = const. Similarly, by returning once again to the compatibility relations, we get α = const. This proves the following proposition:
Proposition 2.3. The matrix B as defined in (2.8) is an Hessian matrix of a scalar function if and only if (i) α and β are constant;
(ii) γ = δ = 0.
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We use this result to find the mathematical entropies of (2.6). It was found that they are the solutions of the equation
with α and β constant. The explicit solution can be given:
where c represents a constant vector. Alternatively, we can present it as
In other words, the conservation laws admitted by the shallow water equations are the linear combination of the equations for the conservation of mass and velocity (in each layer), total momentum and total energy. We note that the same conserved quantities were found by Montgomery and Moodie 13 by restricting their search to the multinomials expressions in the layer variables.
Remark 2.2.
The main ingredients of the method we have just presented are the following: a conservative system U t + AU x = 0 endowed with a region of strict hyperbolicity; a matrix A given by the product of two symmetric matrices P and S, where P is non-singular matrix. We will present in the following section the system of equations for the shallow water model with topography for which, however not fulfilling completely these requirements, similar techniques can be used to find the complete set of conservation laws.
A Full Set of Entropies for the Extended 1-D Shallow Water
Model with Topography
Physical model
Let us consider the following quasilinear system of equations
where h(x, t) is the fluid depth, u(x, t) the fluid velocity, b(x) the bottom depth and the free-fall acceleration is denoted by g. These are the equations for the classical shallow water model with topography extended with the obvious condition b t = 0 (as in Refs. 3, 7 and 15). It admits the conservative form:
As in the previous section, we will be interested in presenting conservation laws for this system of the form
with ϕ and ψ depending on the physical variables presented. It will be proved that all the conserved quantities are given by
for some constants α i , i = 1, 2, 3 and some function Γ depending on b.
If we take the Froude number F r = |u| c , where c = √ gh, we see immediately that the system is strictly hyperbolic if and only if F r = 1. This kind of flow is usually called a non-critical flow and it will be the framework considered in this work. An entropy ϕ exists for this system if and only if D 2 ϕ · A is symmetric. As before, our matrix A has a special structure that enables us to go further on this condition. Indeed, if we define
we see that A = PB and P and B are both symmetric matrices. It follows that
b This is no longer an equivalence like in the previous case.
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multiplying both members by the singular matrix P . If we write X = PD 2 ϕ we are reduced to the problem of finding the solutions of the equation
The equation XA = AX and the entropies for the system
As we have seen, the system is strictly hyperbolic for a non-critical flow. As a consequence, the minimal polynomial coincides with the characteristic polynomial of A. Making use of the results presented in the previous section, the following proposition holds:
For each solution X of (3.4), there exists functions α, β and γ depending on U such that
We apply this proposition, obtaining:
from which immediately follows α = 0.
We shall focus now on solving the system of equations: 
whenever it makes sense, with v 1 = h, v 2 = u, v 3 = b. This is produced by the following set of equations:
that we present in a condensed form:
For this underdetermined system, we used the 5th edition of MATHEMATICA to compute the kernel of this rectangular matrix. The base presented is composed of the two following vectors:
As we can see, the fourth component of these two vectors is 0. This means that a necessary condition so that the system can be solved is provided by γ = 0. The compatibility conditions are reduced to
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which enables us to conclude:
i.e., β = const. Making use of this, we go back to the system (3.5) in order to find the general solution ϕ. The system is now presented by:
with β = const. Straightforward calculations allow us to determine the general solution:
where c 1 and c 2 are constant and Γ(b) denotes an arbitrary function depending on b.
Until now, we have just seen necessary conditions to be verified so that ϕ can be a mathematical entropy of (3.2). It is time to verify if the general solution obtained in (3.7) satisfies the condition that D 2 ϕ · A is symmetric. In fact:
is symmetric, so we have to conclude that a necessary and sufficient condition to establish a mathematical entropy ϕ for (3.2) is given by the general formulation in (3.7).
We list these equations:
(A.14) After computing the nulspace of M , making use of MATHEMATICA, we get a base formed by the following four vectors: 
